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Discharge relationshipAbstract Free overfall can be used as a discharge measuring structure by a single measurement of
end ﬂow depth. Many theoretical and experimental studies carried out on free overfalls with differ-
ent cross-section shape, different slope (mild and steep), and different roughness. However there is
not any study for prismatic free overfalls with power-law cross section. This research presents a the-
oretical end-depth ratio (EDR) and a theoretical end depth-discharge (EDD) relationship for a free
overfall located in a horizontal open channel with power-law section. The power-law section is a
general section which reduces to the commonly used rectangular, parabolic, and triangular sections.
Direct solutions are proposed by simulating the free overfall as a weir without crest in subcritical
ﬂow regime. Experimental and theoretical results are then used to verify the proposed relationships.
The proposed relationships show excellent agreement with the experimental results.
 2014 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Sudden drop (free overfall) is usually used as a discharge-mea-
suring device in open prismatic channels with different shapes.
The depth of ﬂow at the sharp edge is known as brink depth or
end depth [1]. The ratio of the end depth to the critical ﬂow
depth (EDR) offers a possibility to estimate the discharge.
Flow discharge prediction is possible using the free overfall
without the need to any extra water structure such as the weir.
Fig. 1 shows a schematic view of ﬂow in a channel with a drop.
Generally, the value of end depth depends on cross sectional
shape of the approach channel, the longitudinal slope androughness of the channel also the characteristics of the nappe.
If the longitudinal slope of the channel is negative, zero or
mild, the ﬂow at upstream of end depth will be critical as
shown in Fig. 1.
Free overfall (brink) is used as a ﬂow measuring structure
for different shapes of the channels with known end ﬂow depth
[2,3]. The end depth-discharge (EDD) relationship for chan-
nels with different shapes has been extensively studied, exper-
imentally and theoretically, by various researchers. The main
focus of this study is on direct discharge equation in terms
of end ﬂow depth for subcritical ﬂows in power-law sections.
The power-law section reduces to the commonly used rectan-
gular, parabolic, and triangular sections.
Rouse [4] was the ﬁrst to investigate the end depth experi-
mentally in rectangular channels and obtained an end-depth
ratio (EDR= 0.715) in mildly sloping rectangular channels
for the overfall with conﬁned nappe. After Rouse, the
researchers concentrated on the value of the end depth ratio.
Dey [2] reported a comprehensive review of researches on free
Figure 1 Deﬁnition sketch of a power-law free overfall.
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imental data; Rajaratnam and Muralidhar [5] reported the
value as 0.715, and Kraijenhoff and Dommerholt [6] gave it
as 0.714 whereas Rajaratnam and Muralidhar [5] reported a
value of 0.705 for unconﬁned free overfall. Among theoretical
studies, only Ferro [7] obtained a value of 0.715; Hager [8] and
Marchi [9] reported 0.696 and 0.706, respectively.
Rajaratnam and Muralidhar [10] experimentally investi-
gated the effect of different shapes of the channel cross section.
They reported EDR= 0.795 and 0.772 for triangular, and
parabolic sections, respectively.
This research uses weir approach to determine the end
depth of a free overfall in horizontal or mildly sloping
power-law channels. The ﬂow over a drop in a power-law
channel is simulated by that over a sharp-crested weir to calcu-
late the EDR and end depth-discharge (EDD) relationship.
This approach eliminates the need of an experimentally deter-
mined pressure coefﬁcient. The proposed model is compared
to the experimental data and other existing theoretical
solutions.
2. Geometry of power-law section
The geometry of power-law section is shown in Fig. 2. The
section has two identical sides. Power-law section represents
a class of geometric shapes where the area is related to the ﬂow
depth, y, as follows [11]
A ¼ kya ð1Þ
where k and a are parameters for which the channel takes
different shapes. As noted ﬂow area, A, is a function of the ver-
tical coordinate y measured above the channel bed. The value
of a equals 1, 1.5, and 2 for rectangular, parabolic, and trian-
gular channels, respectively, as shown in Fig. 2. In a triangular
channel, k is side slope of the channel, k= z (1 vertical to z
horizontal), and in a rectangular channel k represents the
bottom width of the channel, k= b.Figure 2 Geometry of a power-law section.3. End depth ratio (EDR) and end-depth discharge (EDD)
relation
The ﬂow of a free overfall in an open channel can be assumed
to be similar to the ﬂow over a sharp-crested weir of zero
height [7,8,12–18]. Hence, theoretical procedure applied to
compute the discharge over a sharp-crested weir can also be
used to a free overfall to get the end-depth-discharge (EDD)
relationship. In this study, it is assumed that the emerging jet
is undeﬂected (free ﬂow) and a coefﬁcient of contraction, Cc
is considered to account for the curvature of streamlines.
Moreover, zero pressure is assumed at the brink and a subcrit-
ical approach ﬂow to the brink is considered. It is notable that
the discharge coefﬁcient, Cd (=CvCfCc), of the weirs may be
considered of three components; velocity head correction coef-
ﬁcient, Cv, head loss correction coefﬁcient, Cf, and contraction
coefﬁcient, Cc. Cv is considered for neglecting the velocity head
in the approach channel, and Cf is considered for neglecting
the frictional head losses through the weir. The discharge coef-
ﬁcient of the free overfall (a weir with zero height) can be con-
sidered to be equal to its contraction coefﬁcient Cc under two
conditions: the speciﬁc energy, H, at the section with critical
ﬂow depth yc is used for the discharge computation through
an horizontal elemental strip Cv @ 1, and the frictional head
losses along the short and horizontal free overfall are negligible
Cf @ 1.
The discharge through an elemental strip of thickness dy at
a height y above the brink is given by the following:
dQ ¼ Ccð2gÞ1=2ðH yÞ1=2dA ð2ÞFigure 3 End-depth ratio EDR in mildly sloping power-law free
overfall.
Power-law free overfall in subcritical ﬂow regime 401where Q is the discharge, g is the acceleration due gravity, and
H is the speciﬁc energy at the section with critical ﬂow depth
yc. Note that, if the slope of channel is negative, zero or mild,
the ﬂow at upstream of end section will be critical and end ﬂow
depth, ye, depends only on the cross sectional shape of the
approach channel and its discharge.
Using dA= akya1dy and integrating both sides of Eq. (2),
the total discharge of the channel is computed by the
following:
Q ¼ akCcð2gÞ1=2
Z yc
0
ðH yÞ1=2ya1dy ð3Þ
Let s= y/yc then Eq. (3) can be written as:
Q ¼ akCcð2gÞ1=2yaþ1=2c
Z 1
0
ðH  sÞ1=2sa1ds ð4Þ
in which s is a dummy variable deﬁned on the interval [0,1] and
H* = H/yc = 1+ 1/(2a). The coefﬁcient of contraction Cc is
considered to account for the curvature of streamlines and is
equal to ratio of ﬂow area at brink to the section with critical
ﬂow depth and is determined as Cc= (ye/yc)
a. substituting H*
and Cc into Eq. (4) yields.
Q ¼ akð2gÞ1=2y1=2c yae
Z 1
0
1þ 1
2a
 s
 1=2
sa1ds ð5Þ
The discharge, Q, for critical ﬂow condition (Froude number is
unity) can also be written in terms of critical ﬂow depth, yc, as
follows:
Q ¼ g
a
 1=2
kyaþ1=2c ð6Þ
Eliminating Q from Eqs. (5) and (6) yields
ye
yc
¼ ð2Þ1=2a3=2
Z 1
0
1þ 1
2a
 s
 1=2
sa1ds
 !1=a
ð7ÞTable 1 Comparison of proposed model and other research results
Cross section Experimental and theoretical results EDR= ye/yc
Rectangular Rousea [4] 0.715b
Rajaratnam and Muralidhara [10] 0.715b
0.705
Kraijenhoﬀ and Dommerholta [6] 0.714
Hager [8] 0.696
Marchi [9] 0.706
Murty Bhallamudi [21] 0.705
Ferro [7] 0.715
Beirami et al. [20] 0.702
This study 0.715
Triangular Rajaratnam and Muralidhara [10] 0.795
Ali and Sykes [22] 0.798
Murty Bhallamudi [21] 0.795
Ahmad [23] 0.802
Beirami et al. [20] 0.805
This study 0.817
Parabolic Rajaratnam and Muralidhara [10] 0.772
Ali and Sykes [22] 0.747
Murty Bhallamudi [21] 0.758
Beirami et al. [20] 0.764
This study 0.777
a Experimental result.
b Conﬁned nappe.In which subscript ‘‘c’’ denotes the condition of the critical
state of the ﬂow at upstream and subscript ‘‘e’’ denotes the
condition of the ﬂow at brink. The integral term in Eq. (7)
can be determined as follows:Z 1
0
1þ 1
2a
 s
 1=2
sa1ds¼ 1
a2
þ 1
2a3
 1=2
F 1
2
;a
 
; ½1þa; 2a
1þ2a
 
ð8Þ
where F is the hypergeometric function [19].
To provide the user with a simple equation, an approxima-
tion is proposed using the curve ﬁtting regression technique for
any value of a between 1 and 2 as follows:Z 1
0
1þ 1
2a
 s
 1=2
sa1ds ﬃ 0:766þ 0:895a
1:45
1þ 0:68a1:5 ð9Þ
The maximum percentage error of Eq. (9) compared to
exact value of Eq. (8), is less than 0.04% for practical ranges
of 1 < a< 2.
Substituting integral term from Eq. (9) into Eq. (7), the end
depth ratio of the power-law free overfall becomes as follows:
ye
yc
¼ ð2Þ1=2a3=2  0:766þ 0:895a
1:45
1þ 0:68a1:5
 1=a
ð10Þ
Substituting yc from Eq. (10) into Eq. (6) the following EDD
relationship for subcritical ﬂow in a power-law free overfall
can be obtained.
Q ¼ a1=2 ð2Þ1=2a3=2  0:766þ 0:895a
1:45
1þ 0:68a1:5
  1þ 12að Þ
kg1=2yaþ1=2e
ð11Þ
Eqs. (10) and (11) present solutions for the power-law free
overfall and can be used for any value of a between 1 and 2.
According to Eq. (10) EDR= 0.715, 0.777 and 0.817 for rect-
angular, parabolic, and triangular sections, respectively, as(power-law free overfall in subcritical ﬂow regime).
Diﬀerence (%) Discharge equation (Q) Diﬀerence (%)
0.00a 1.654g1/2bye
3/2 0.00a
0.00a 1.654g1/2bye
3/2 0.00a
1.40a 1.689g1/2bye
3/2 2.12a
0.14 1.657g1/2bye
3/2 0.18
2.66 1.722g1/2bye
3/2 4.11
1.26 1.686g1/2bye
3/2 1.93
1.40 1.689g1/2bye
3/2 2.12
0.00 1.654g1/2bye
3/2 0.00
1.82 1.702g1/2bye
3/2 2.90
Average = 0.96 1.654g1/2bye
3/2 Average = 1.48
2.69a 1.255g1/2zye
5/2 7.17a
2.33 1.243g1/2zye
5/2 6.15
2.69 1.255g1/2zye
5/2 7.17
1.84 1.228g1/2zye
5/2 4.87
1.47 1.216g1/2zye
5/2 3.84
Average = 2.03 1.171g1/2zye
5/2 Average = 5.84
0.64a 1.370g1/2kye
2 1.41a
3.86 1.463g1/2kye
2 8.29
2.45 1.421g1/2kye
2 5.18
1.67 1.399g1/2kye
2 3.55
Average = 2.16 1.351g1/2kye
2 Average = 4.61
402 A.R. Vatankhahshown in Fig. 3. It should be noted that EDR= 0.715 and
0.777 (rectangular and parabolic free overfalls) are very near
to experimental data reported by [10].
4. Model veriﬁcation
Experimental data and theoretical results presented in the liter-
ature were used to verify the proposed relationships, i.e., Eqs.
(10) and (11). The very good agreement is evident from the
analysis of Table 1. This table shows the percentage difference
in computed EDR via Eq. (10) compared to experimental data
and other theoretical results. According to Table 1, the values
of EDR found by other researchers have a slight deviation
(average percentage difference of 0.98% up to 2.16%) with
the proposed model. Similarly, the values of EDD found by
other researchers have a slight deviation (average percentage
difference of 1.48% up to 5.84%) with the proposed model.
5. Conclusion
The free overfalls of the horizontal power-law channels have
been analyzed using the weir approach. General solutions
are proposed for EDR and EDD for subcritical ﬂows. Pro-
posed solutions are valid over the entire practical range of
end depth and show excellent agreement with the experimental
data and other theoretical results. The proposed relationships
for discharge are useful computational tools for the estimation
of discharge in horizontal power-law open channels.
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